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We present a new model of multi-field inflation in the limit when, N , the number of
fields is very large. To implement this limit, we reformulate the problem in terms of
a colourless bilocal field σ(x, y) which encodes the collective degrees of freedom of the
N scalar fields. As a concrete example, we apply the collective field theory formalism
to the bosonic O(N) vector model with quartic self interaction minimally coupled to
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The standard model of cosmology presents a historical scenario of the universe at dif-
ferent epochs and the evolution of the universe through to the present day. Despite the
success of the standard model in explaining the observed universe, there still remain
several problems that require a precise fine tuning of cosmological parameters. These
problems include the flatness, horizon and monopole problems [1].
According to the standard model of cosmology, the Hubble parameter, H, is proportional
to the dominant form of energy density, ρ, in the universe via Friedmann equation,
H2 ∝ ρ, which comes from Einstein field Equations (EFEs). Because H decreases as
the universe expands, ρ evolves away from the critical energy density, ρc, which is the
energy density required for a flat universe. Current observations [1–4] find that the
present universe possesses a nearly critical energy density ρ ' ρc. For the universe to
be close to flat today, it is necessary that the universe must have been incredibly close
to flat at early times. This is the so-called flatness problem.
Observations of the cosmic microwave background (CMB) [2–6] find that the universe
is almost homogeneous, to an accuracy of one part in ten-thousand. For the opposite
sides of the sky to be in thermal equilibrium, they must have been in causal contact at
some time in the past. Nevertheless, the standard model of cosmology suggests that the
initial universe consisted of many causally disconnected regions. This is known as the
horizon problem.
The particle spectra of Grand Unified Theories (GUTs), in which a gauge symmetry
breaks during a phase transition, predict the existence of heavy monopoles [1, 2]. These
monopoles should come to dominate the energy density of the universe. The lack of











Chapter 1. Introduction 2
Any solution of these three problems that makes the dynamics of the universe seem
more natural without excessive fine tuning of initial conditions would clearly be very
desirable.
To date, inflation has been the most elegant resolution of these problems. Inflation is
a period of superluminal growth in the early universe. Superluminal inflation is not in
conflict with the special theory of relativity, since one may not send signals via space-
time expansion [7]. Inflation implies a positive acceleration of the scale factor (ä(t) > 0),
which in turn implies an equation of state with a negative pressure (p < 0). No type of
matter possesses this characteristic, so often a scalar field is chosen to drive inflation.
The scalar field responsible for inflation is called the inflaton.
Inflation may take two causally connected regions and rapidly separate them so that they
are removed from each others past light cone. Some time after inflation ends, the light
cones of these causally disconnected regions intersect again, taking care of the horizon
problem. In addition, inflation resolves the monopole problem by diluting unwanted
relic particles to observably small levels. Finally, the resolution of the flatness problem
comes from the fact that, during inflation, H increas s rapidly so that ρ approaches ρc.
When inflation ends, ρ begins to move away from ρc. As long as inflation lasts long
enough, ρ will be close to ρc in the present universe [2, 7].
Inflation explains the origin of the large scale structure of the universe as the result
of quantum fluctuations in the inflaton field. These perturbations in the inflaton field
produce the density perturbations required for structure formation in the present uni-
verse [1]. In other words, inflation fills the evolutionary gap between the initial quantum
universe and the current classical universe.
Modelling inflation is a subtlety that has puzzled cosmologists for several decades.
Presently, there are several competing models which successfully explain the dynam-
ics of inflation [2, 8]. The most commonly studied models consider a single inflaton
driving inflation. Single Field Inflationary Models (SFIMs) are convenient in the sim-
plicity of their form. SFIMs predict a nearly scale invariant Gaussian spectrum for the
CMB, which is in good agreement with current observations [2–6]. The detection of any
non-Gaussianity in the CMB would severely constrain SFIMs. Also, SFIMs produce
only adiabatic perturbation modes and no isocurvature (entropy) modes. Isocurvature
modes are a natural consequence of the presence of multiple interacting fields which lead
to large non-Gaussianities in the CMB. To date, only a single scalar particle has been











Chapter 1. Introduction 3
Most theories of high energy physics, including GUTs and string theories, deal with
a large number of fields, moduli and dimensions [10]. Because inflation occurred at a
relatively high energy scale, multiple fields may have collectively participated in driving
inflation. Another motivation to study multi-field inflation is the possible detection
of non-Gaussianities in the CMB [2, 11, 12], which, in single field inflation, is deemed
below detectable threshold. Theoretically, when the number of fields becomes very
large, the potential energy becomes much greater than the kinetic energy and the slow
roll condition is spontaneously satisfied [1, 2, 11]. In this context, multi-field inflation
may be more natural than single field models.
Several models of multi-field inflation have been studied in the literature. We pay
attention to those models in which the main motivation is to achieve the desired number
of e-foldings (∼ 70). Doing so solves the problems of the standard model of cosmology
without the need for fine tuning.
One early multi-field inflation model is assisted inflation, in which inflation is driven by
a cooperative dynamic of multiple scalar fields with similar exponential potentials [13].
In [13], the slow roll approximation is circumvented by obtaining a ratio between the
scalar fields that turns out to be itself a slow roll parameter. In this case, the scalar
fields are redefined and rescaled according to their ratio in order to absorb the slow roll
approximation into new definitions of the scalar fields. Another interesting model is
N -flation [8]. N -flation assumes a collection of axions with periodic potentials which,
in a leading order expansion, gives rise to the potential m2φ2 of chaotic inflation. This
model [8] applies the slow roll conditions spontaneously by expressing them in terms of
the number of fields N which is a very large number. In this string theory motivated
model [8], N is very large due to string compactifications. Large N cosmology [11] is
another model in which the slow roll condition is applied automatically according to a
generic form of the inflatons potential energy that dominates over the kinetic energy in
the large N limit. In addition, in [11], the set of N differential equations is significantly
reduced to two solvable coupled differential equations of certain gauge invariant variables,
which are sufficient to obtain the adiabatic and entropy perturbation.
In 2008, S. Weinberg introduced the Effective Field Theory of Inflation (EFTI) [14].
EFTI attempts to establish a generic theory of inflation, which is one of the main aims














g, R, MP , φc, V (φc) represent the determinant of the metric tensor g
µν , the Ricci










Chapter 1. Introduction 4
Note that the subscript (c) runs from 1 to the total number of scalar fields N . EFTI
considers Equation (1.1) as the approximate form of the lagrangian of the generic theory
of the inflation. To correct the theory, higher derivative terms must be added, which
cannot be neglected at high energy scales [14–16]. Once these corrections have been
considered, cosmological perturbation methods [12] may be applied, at the level of the
action.
Similar to other models of multi-field inflation, EFTI does not allow large non-Gaussianities.
Furthermore, EFTI requires a careful constraint of various unknown functions that are
combined with the correction terms [14–16]. Given such problems, it is worthwhile to
think of different models of multi-field inflation to build a generic theory of inflation.
In this work, we revisit and study, with different techniques and more powerful tools,
the dynamics of inflation which offers a clear picture of how the quantum-to-classical
transition of early cosmological fluctuations occurred [17]. Such a transition is important
to consider because the fluctuations in the CMB are observed as classical fluctuations.
At present, no quantum nature of the CMB fluctuations has been detected [2–6]. This
implies that inflation transformed these fluctuations from a quantum origin to a classical
measure. This idea was investigated by Kiefer and Polarski [17], whose work suggested
two reasons for the occurrence of such a transition. Firstly, the rapid expansion of
the early universe hugely squeezed the quantum state of these fluctuations. Secondly,
these quantum states interacted with their environments, which is known as quantum
decoherence.
In 1973, G. ’t Hooft considered a 1/N expansion of a large N quantum field thoery
to determine the classical limit of the quantum systems [18]. Above, we argued that
inflation can be defined as “the quantum-to-classical transition”. This statement could
be physically equivalent to “the classical limit of the quantum systems”. Given such
an equivalence, the large 1/N expansion becomes a robust approach to drive multi-field
inflation from the initial quantum fluctuations up to the classical fluctuations present in
the CMB.
Multi-field inflation is a system of many interacting scalar fields that can be solved as
a problem of many-body physics. Investigating the collective effects of a many-body
system is an efficient approach to address the complex problems that appear as a result
of the presence and interactions between the constituents of the system.
We propose a very different and interesting model of multi-field inflation which, as far
as we aware, has never been considered for either inflation or cosmology as a whole.
We consider inflation driven by multiple fields, that collectively behave as an effective
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Historically, the idea of bilocality was inspired by the idea of non-locality, introduced
in 1949 by H. Yukawa [19, 20]. Yukawa introduced non-locality to solve the divergence
and infinity problems of the quantum theory of elementary particles, particularly for his
theory of mesons. Yukawa found that, taking into account the radius of the particle and
defining the local fields relative to the centre of mass coordinates to be non-local ones,
he could write down a consistent effective quantum theory [19, 20].
Since then, several works [21, 22] have studied bilocal fields in details and have obtained
an equation of motion and conservation laws [23] as a generalization of those of the
local field theory. Interestingly, Tomonaga [24] used the collective picture of many body
physics to obtain a linear field equation which is exactly solvable. This method easily
solves complicated problems that arise from considering each field separately. Such
methods are used, for example, in the treatment of a dense electron gas as a plasma [25–
27]. The works of [25–27] were the first to propose the idea of studying the collective
dynamics of quantum systems. The generalizations of [25–27] led to the collective field
theory [28]. Collective field theory describes the dynamics of quantum systems in terms
of their gauge invariant variables after applying a set of canonical transformations. As
a consequence of these transformations, an effective Hamiltonian emerges, the large N
limit of which is the classical approximation of the quantum theory [28].
The outline of this thesis is as follows: Chapter 2 presents a review of multi-field inflation
in which the main features of “Large N Cosmology” [11] and “N -flation” [8] models
are summarized as the main motivations for the present work. Chapter 3 contains a
full description of the collective field theory and computations of the Schwinger Dyson
equations, which are the equations of motion for the bilocal field σ(x, y) of the O(N)
vector model with quartic self interaction. This vector model will be minimally coupled
to gravity. Cosmological perturbations are computed order by order to investigate the
dynamics of bilocal field σ(x, y) in chapter 4. The last chapter is devoted to a summary












Multi-field inflation possesses several theoretical and observational advantages over single
field inflation as a natural generalization and modification of single field models. In this
chapter, we briefly review two of multi-field inflation models. Two such multi-field
models, namely the “Large N Cosmology” [11] and “N-flation” [8] were the motivating
ideas behind the present work. Section 2.1 describes “Large N Cosmology” [11] in
which N scalar fields drive inflation and Section 2.2 describes “N-flation” [8] in which
N pseudo-scalars drive inflation.
2.1 N scalar fields driving inflation
Single field inflation models are well studied due to the relative simplicity of the cal-
culations involved. As the number of fields N increases, the probability of interaction
between inflaton fields becomes very large and the computations become more compli-
cated. In “Large N cosmology” [11], it was demonstrated that, under certain assump-
tions, a system of N coupled equations can be easily reduced to two solvable coupled
equations of specific variables. These variables are gauge invariant variables, such that
they are independent of the choice of coordinate system, as well as being observables [12].
The solution of the reduced system is sufficient to obtain the adiabatic and the entropy
perturbations.
To begin, consider an N scalar field model whose Lagrangian, with a general potential






gµν∂µφI∂νφI − V (φ) . (2.1)
The background evolution is completely specified by Einstein field equations (EFEs)











Chapter 2. Multi-field inflation 7
(KGEs) which yield the equation of motion of each scalar field. In such universe, the
geometry of space-time can be represented by Robertson-Walker metric in the flat case
(zero curvature, i.e. k = 0)
ds2 = dt2 − a2(t)δijdxidxj = a2(dη2 − δijdxidxj), (2.2)
where t represents the physical time and η stands for the conformal time, the latter is
linked to the former via the scale factor a(t) as dt = adη. Matter can be described by
the energy momentum tensor of a perfect fluid as follows
Tµν = (ρ+ p)uµuν − pgµν , (2.3)
where ρ, p and uµ are the energy density, the pressure and velocity of the fluid respec-
tively. From the action of the theory, the energy momentum tensor of N scalar fields




gµν∂µφI∂νφI − δµνL . (2.4)













φ̇2I − V = −2Ḣ − 3H2, (2.6)
φ̈I + 3Hφ̇I + VI = 0 , (2.7)
where the time derivative is represented by an over-dot, the Hubble parameter is defined




To inflate the universe, according to Equation (2.5) and Equation (2.6), one requires
a negative pressure (p < 0) that causes the acceleration of the scalar factor ä(t) to be







I . This is known as the slow roll condition: H
2  Ḣ. In the large
N limit, this condition is implicitly satisfied since a generic form of V (φ) may contain
N sums over N fields while the kinetic energy term involves only one sum over N fields,
therefore V (φ) is proportional to NN and would definitely be dominant over N which
is the order of the kinetic energy term.
2.1.1 The inflationary perturbations
Inflation enhances the generation of the early cosmological perturbations to evolve
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adiabatic perturbations and entropy perturbations.
2.1.1.1 Adiabatic perturbations
Adiabatic perturbations arise when the equations of motion of the curvature pertur-
bation have a vanishing source term. This indicates that the baryonic number density
contains no fluctuations [12]. Furthermore, the main source of the adiabatic perturba-
tion is the energy density perturbation, which is responsible for inhomogeneities in the
spatial curvature along the direction of the background evolution [29].
For an N scalar field theory, the perturbed metric (in Newtonian gauge with equal
fluctuations in space and time) takes the following form
ds2 = (1 + 2Φ)dt2 − a2(t)(1− 2Φ)δijdxidxj . (2.8)
From this, one can determine the perturbed EFEs and KGEs to obtain a system of three
equations, similar to the background system (Equation (2.5),(2.6),(2.7)), that governs
the dynamics of the perturbations. For the sake of simplicity, we may reformulate the
system of equations in terms of the Sasaki-Mukhanov variables QI




where the QI are gauge invariant variables that can be canonically quantized [11]. In-
terestingly, all the important information and the expressions can be written down in








From this definition, the comoving curvature ζ and the metric fluctuation Φ can be
expressed in terms of κ and µ as
ζ = −Hκ
2Ḣ













2.1.1.2 The entropy perturbations
In contrast to adiabatic perturbations, entropy perturbations concern the source term
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the baryonic number density. As a result, the matter exhibits a non-uniform spatial
distribution. Entropy perturbation emerges as a phenomenon of a system of multiple
fields, because such systems make interactions between the fields possible. Single field
models produce small amounts of entropy perturbation and therefore we may not be
able to measure them. In multi-field models, however, the entropy perturbations grow
in a direction perpendicular to the background evolution [29], and play a crucial role in
seeding the primordial perturbations that lead to structure formation.









and can be written in terms of κ and µ as
S = −








Equation (2.11) and Equation (2.13) represent the adiabatic and the entropy pertur-
bation in terms of κ and µ respectively. Moreover, from the canonically quantized
formalism that QI has, we can compute the correlation functions of these perturba-
tions in terms of κ and µ as well. Now, the complicated computations of N inflatons in
terms of the Sasaki-Mukhanov variables QI can be simplified and written as two coupled
differential equations. In particular, the system simplifies quite significantly with the
imposition of additional symmetries.
2.1.2 N-fields inflation with SO(N) symmetry
Imposing an SO(N) symmetry restricts the potential energy to the following form




According to Equation (2.7), we can write the equation of motion of the background in
terms of B as the following
B̈ + 3HḂ + 4B
dV (B)
dB
+ 4Ḣ = 0. (2.15)
Equation (2.5) and Equation (2.6) may be solved to find an expression of V in terms
of H, such that the background dynamics can completely be specified by only B and
H for a given set of initial conditions. Since the summation over N is inherent in B
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regarding the adiabatic perturbation, we can obtain a system of three equation that
fully describes the dynamics of the perturbation from the perturbed EFEs and KGEs.
After applying the change of variables from Φ and φ to κ and µ via QI , we can write













6H − 2 ḢH
)
µ = 0, (2.16)




+ 6Ḣ + ḦH + u















(Ḣ + 3H2)(Ḧ + 6HḢ)
}















To solve these coupled equations for κ and µ, we need to consider a particular form of










as in φ4 theory. Having defined the potential energy, we may now determine the exact
form of κ and µ, which allows us to compute the adiabatic and entropy perturbation
through Equation (2.11) and Equation (2.13).
To this end, we realized that applying the large N limit simplifies the complicated system
of equations and, in the next section, we will see how inflation occurs naturally and slow
roll condition is a natural consequence of such a limit.
2.2 N-axions driving inflation
The amount of inflation, which is the number of e-foldings of the exponential expansion,
is a very important quantity to test the ability of inflationary models to fill the gaps
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to 70 e-foldings [8] is known to be sufficient to fill these gaps. Nevertheless, the special
reason behind this particular range remains unknown in theories of inflation. A single
inflaton is less likely to be capable for inflation to last this long (∼ 60 e-folds), and
the probability to dwell in such a range increases directly as the number of inflaton N
increases too. To achieve this range, one imposes slow roll conditions which require a
flat potential that allows inflaton to slowly roll down the potential to oscillate about its
minimum. This leads to a rigorous constraint on the inflaton’s nature as to possess a
very small mass [30, 31]. Moreover, the flatness of the potential gives rise to primordial
perturbations which are almost identical to the observed perturbations in the CMB.
However, the main feature of N-flation is to extract a sufficient amount of inflation by a
collection of many axions without fine tuning problems.
N-flation [8] is a string motivated model of inflation. String theory is a theory at high
energy scale (∼ Planck mass Mp) which attempts to unify the four fundamental forces of
nature into a single framework as an extension of standard model of elementary particle
physics. The high energy limit of string theory is constructed in ten dimensions while
the low energy limit is achieved by reducing these ten dimensions down to four via string
compactifications [10].
There are many worries one has to face at the low energy limit of string theory. The
main problems are radiative corrections and moduli stabilization. Radiative corrections
concern interactions between inflatons which might spoil the flatness of the potential [32],
nevertheless, N-flation [8] shows that radiative corrections could scale the amount of
inflation and fix the limits of the obtained e-foldings without fine tuning which makes
inflation more natural. Moduli stabilization tries to fix the resultant moduli due to
compactifications, one example of such a subtle is that decompactifications of the four
dimensions may lead to infinity rather than ten dimensions [33], which is still an open
problem in the low energy limit of string theory.
N-flation [8] presents an inflationary universe that is driven by a collection of N axions,
where axion is a pseudo-scalar that changes the sign under reflection symmetry and
appears with symmetry breaking as a result [32]. Having combined axions to play
collectively the role of the inflaton, Dimopoulos [8] shows that the predictions and results
of m2φ2 chaotic inflation can be reproduced to some level of accuracy.
However, each axion possesses a periodic potential Vn due to the breaking of its shift
symmetry (φn → φn+constant) which secures the flatness of its potential Vn. A general
potential V is established due to the breaking of a global shift symmetry that includes



























where fn represents the axion decay constant and Λn denotes the dynamically generated
scale of Vn. The form of the general potential V , Equation (2.21), shows no cross













n + · · · . (2.23)
The higher order terms can be neglected, for small field values, and Vn becomes similar
to that of m2φ2 chaotic inflation, when all masses are equal mn = m.
The polar transformation of φ fields, Φ, is very useful to obtain the collective behaviour
of N-flation, which has the following form
Φ = r eiθ , (2.24)
where r stands for the radial field and θ represents the angular field. The radial field r





As an initial arrangement of axion fields φ, consider each axion field φ has a sub-
Planckian displacement from the minimum, which is determined by its vacuum ex-
pectation value (vev) as 〈φn0〉 = αnMp, where the maximum displacement is fixed by





It is worthwhile to mention that this scenario is equivalent to that of the radial field
r with a super-Planckian vev as 〈r0〉 =
√
NαMp, and the angular field θ does not
contribute to N-flation dynamics, because it has a very big kinetic term r2(∂θ)2, which
breaks slow roll conditions at the angular direction of N-flation evolution.
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where ρ is the energy density and the equation of motion of each field is
φ̈n + 3Hφ̇n +
∂Vn
∂φn
= 0 . (2.28)














For the initial conditions that mentioned earlier about the radial field r, 〈r0〉 =
√
NαMp,





2r2 with Equation (2.29), one finds
3H2 = Nα2m2 , (2.31)
which means the friction term in the equation of motion Equation (2.28), 3Hφ̇n, is N
dependent and all fields unite together to apply the friction force. The e-foldings number









where prime denotes the derivative with respect to φ. In context of N-flation, the





Another way to quantify the flatness of the potential is to consider the slow roll param-












where slow roll conditions implies that ε  1 and η  1. These parameters can be
estimated in terms of N as
ε ∼ 1
α2N2
, η ∼ 1
α2N
. (2.35)
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The observed fluctuations in the CMB require that δρρ ∼ 10
−5, which sets a constraint
on axion mass as to have m ∼ 1010TeV.
We realize that all the important quantities (Ne, ε, η&
δρ
ρ ) are expressed in terms of N ,
which shows that N-flation does not require fine tuning issues, because N is very high
due to string compactifications, and automatically implies ε 1 and η  1.
In this chapter, we have discussed multi-field inflation by a brief review of two papers
which can be considered as a starting point for the present thesis. The first model,
“Large N cosmology” [11], is a generalization of a single field inflation in which we
learned how a complicated set of N coupled equations, that encode the evolution of N
inflatons, can be simplified and reduced to two coupled equations of gauge invariant
variables, and the solutions of the simplified set are sufficient to obtain the adiabatic
and entropy perturbations. The second model, “N -flation” [8], is string theory inspired,
where inflation is driven by a collection of axions, and its predictions are identical to
those of chaotic inflation. In this model, we learned how to express all the important
quantities (e-foldings number, slow roll parameters, density perturbations, ... etc) in
terms of the number of fields N , in order to avoid fine tuning subtleties using the fact
that string theory predicts large number of N fields in the low energy limit due to
compactifications, therefore the theory would apply the large N limit spontaneously











Collective Effects in Large N
Cosmology
In the previous chapter, we have argued that a large number N of inflaton fields possesses
many advantages over theories of single field inflation. These benefits include measurable
isocurvature perturbations and large non-Gaussianities in the CMB as well as avoiding
tuning requirements to ensure a natural inflationary dynamics. These advantages emerge
as the number of fields N increases. Generally, the theory of inflation becomes simple,
complicated, more complicated and efficiently simple as the number of fields N goes
from one (single field inflation), to a small finite N , to large finite N and finally N →∞
respectively. One problem that commonly arises is the appearance of N as an upper
limit of the summation as in the action of multi-field inflation. This problem provides
subtleties to distinguishing and extracting all explicit dependence on N from the action.
Mathematically, it is much easier to take N → ∞ by having N as a parameter that
may then be varied [35]. This problem may be solved by choosing a suitable change of
variables. The method is illustrated as follows: We begin with a many body quantum
theory and change from the original variables to gauge invariant collective variables
using a point canonical transformation. An effective Hamiltonian emerges as a result of
this transformation, whose large N limit (N →∞) is the classical limit of the quantum
theory. The evaluation of the Jacobian of the point canonical transformations is the
main subtlety to be determined in this collective method [36].
3.1 Collective Field Theory
The idea of studying the collective behaviour of many-body systems originated in the
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plasma. This study was performed by applying a set of canonical transformations to the
dense electron gas [25–27]. A generalization of this idea was formulated for the study of
the large N limit of quantum systems [28]. This generalization led to the collective field
theory. We present here a summary of collective transformations of quantum systems1.
We emphasize that it is not necessary to determine an explicit form of the Jacobian of
such transformations. The derivative of the logarithm of the Jacobian is sufficient to
investigate the collective properties of quantum theories.













where the first term represents the kinetic energy operators and the second term the
potential operators. The original variables, qa, are related to the collective variables,
Qa, via an arbitrary function f :2
Qa = fa(q) , (3.2)
and its inverse F :
qa = F a(Q) . (3.3)
The transformation of the potential operators and the wave function is straightforward,
simply by replacing q with F (Q). However, the transformation of the kinetic energy

















































































From Equation (3.6), we define two quantities, ωa(Q) and Ωab(Q). We now demonstrate
that ωa(Q) and Ωab(Q) provide all the knowledge we need to know about the Jacobian
of the transformation, J . This Jacobian will be used to impose the Hermiticity condition
1Based on ”Quantum Theory of Many-Variable Systems and Fields” by Sakita [36] and ”Collective
field approach to the large-N limit” by Jevicki and Sakita [37]
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on the effective Hamiltonian Heff . ω
































where Pa is the momentum conjugate to Q
a (Pa =
∂
i∂Qa ) and Ṽ (Q) ≡ V (F (Q)).
We notice that the Hamiltonian has lost its Hermiticity after the change of variables
from qa to Qa. To restore it, we need to introduce the Jacobian of the transformation,
J . The Hermitian Hamiltonian is the so-called effective Hamiltonian Heff
Heff = J
1/2HJ−1/2 . (3.10)
To compute Heff through Equation (3.9), we only need to consider Pa since the rest of
the parameters in the expression of Ĥ operate trivially on the wave function ψ. The
effective form of Pa is determined by considering the wave function ψ as follows
J1/2PaJ

































Combining Equation (3.9) and Equation (3.10) with Equation (3.11), the effective Hamil-








ωa(Q)(Pa + iCa) +
∑
a b
Ωab(Q)(Pa + iCa)(Pb + iCb)
]
+ Ṽ (Q) . (3.12)
We assume that Pa, Qa and Ca are Hermitian so that
Pa = P
†
a , Qa = Q
†
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Since Heff is Hermitian, Heff must be equal to its adjoint that requires Heff−H†eff = 0.










= 0 . (3.14)
Equation (3.14) may be solved for Ca in terms of ω
a and Ωab. Having obtained a
solution of Ca, means that we have found a solution of the derivative of the logarithm
of the Jacobian (∂ ln J∂Qa ) which is sufficient to compute the effective Hamiltonian. Heff











+ Ṽ . (3.15)
3.2 The Bilocal Fields σ(x, y) and The Schwinger-Dyson
Equations
In this section, with the aim of investigating the collective dynamics of the inflationary
universe, we consider the change of variable techniques of the collective field theory. We
begin with a system written in terms of the scalar fields φa and rewrite this system in
terms of the collective variables which are the bilocal fields σ(x, y) . We consider the

















where µ is the mass of φa and g represents the coupling constant of the self interaction
term. This action is invariant under the O(N) symmetry which is the N−dimensional
rotation group
φa → Aabφb , (3.17)
where Aab is an N ×N orthogonal matrix. Aab is taken to satisfy AAT = ATA = I with
I is an N ×N unit matrix. Here, superscript T denotes the transpose of A. The theory
is also invariant under the reflection symmetry φa → −φa [38, 39].
The expectation values of the product of φa fields, which are known as correlation
functions (or sometimes correlators), are very important quantities. These correlation
functions reveal the dynamics of the quantum theory. We are interested in the bilocal
field σ(x, y) which is taken to be a collective field that transforms as a singlet of the
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where x = (tx, x̄) and y = (ty, ȳ). Since the bilocal field σ(x, y) is a gauge invariant
operator, therefore it is a physically observable quantity 3. We will consider the bilocal
field σ(x, y) as the inflaton that drives inflation, rather than the individual fields φa each
contribute to driving inflation.
In order to obtain the effective action, we apply the change of variables at the level of








where the effective action Seff is defined by
Seff ≡ S − i ln J . (3.20)
We now compute the Jacobian in Equation (3.20), which will contribute to the equation
of motion found from minimizing the effective action of σ(x, y) fields. For any arbitrary
test functional F [σ] that is constructed from invariant correlators σ(x, y), the derivative
of the logarithm of the Jacobian can be obtained from an identity which essentially






= 0 . (3.21)
In Equation (3.21), the superscript a is summed over the N fields. Taking the functional
derivatives and functional average yields
〈Nδ(x− y)F [σ]〉+ 〈φa(y) δF [σ]
δφa(x)
〉+ i〈φa(y)F [σ] δS
δφa(x)
〉 = 0 , (3.22)
where in first term the delta function is [39]
δφ(y)
δφ(x)
= δ(x− y) . (3.23)
N in Equation (3.22) appears as a parameter that comes from the contraction of the
superscript a as opposed to being an upper limit of the summation. This allows the large
N limit to be easily applied. The exponential that carries the action, eiS , is absorbed
by definition of expectation values, which are obtained by taking the functional average.
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A similar identity to Equation (3.21) can be determined by a change of variables from









= 0 , (3.24)
where D denotes a functional integration and d is a coordinate integration. Similarly,













= 0 , (3.25)
where K = δ(0)
∫
dz is the volume expansion factor [38, 40]. In order to extract a
differential expression of the Jacobian which is inherent in Seff by definition, we apply
the chain rule to change derivatives of φa in Equation (3.22) to derivatives of σ(x, y) in

























Using the following property of delta function [39]
f(x) =
∫
dyδ(x− y)f(y) , (3.27)














Since we know that σ(x, y) is totally symmetric (σ(x, y) = σ(y, x)) [38], we may change










Inserting the transformation Equation (3.29) into Equation (3.22) gives







dz σ(y, z)F [σ]
δS
δσ(x, z)
〉 = 0 . (3.30)
Combining Equation (3.30) with Equation (3.25) demonstrates that
i
〈∫
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By using the definition of the effective action, Equation (3.20), we obtain〈∫







〈Nδ(x− y)F [σ]〉 − 〈Kδ(x− y)F [σ]〉 . (3.32)










δ(x− y) . (3.33)
We may neglect the contribution of the volume expansion factor K to leading order in







δ(x− y) . (3.34)
The Jacobian then satisfies this last differential equation, Equation (3.34), which is
sufficient to obtain the equation of motion of the bilocal fields σ(x, y): the Schwinger-
Dyson Equations.
3.2.1 The Jacobian from the collective field theory
In section 3.1, we have defined two quantities ωa(Q) and Ωab(Q), Equation (3.7) and
Equation (3.8), which allow us to derive an expression of a differential equation of
the Jacobian through Equation (3.14). This expression is sufficient to determine the
effective Hamiltonian. Here, we will obtain the previous result of Equation (3.34) from
Equation (3.14) to establish the connection with the collective field theory. In this case,
the original variables qa are the scalar fields φa(x) and the collective variables Qq are
the bilocal fields σ(x, y). ω and Ω may be transformed into functional integrals as [40]



















From Equation (3.35), ω(x, y) is
























δab [δ(x− z)δ(y − z) + δ(y − z)δ(x− z)]
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From Equation (3.36), Ω(x, y;x′, y′) reads













δ(x′ − z)φc(y′) + δ(y′ − z)φc(x′)
]
= δ(x− x′)σ(y, y′) + δ(y′ − x)σ(x′, y)
+ δ(y − x′)σ(x, y′) + δ(y − y′)σ(x, x′) . (3.38)











= 0 . (3.39)
The second and third terms of Equation (3.39) may be computed separately. Using


















dx′dy′δ(y − y′)σ(x, x′) δ ln J
δσ(x′, y′)
. (3.40)
Integrating over x′ in the first term and third term, and integrating over y′ in the second
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dx′dy′δ(0)[δ(x− x′)δ(y − x′) + δ(y − x′)δ(x− x′)]
+
∫
dx′dy′δ(0)[δ(y′ − x)δ(y − y′) + δ(y − y′)δ(x− y′)]
= 4Kδ(x− y) , (3.43)
where in the last line we used
δσ(z, w)
δσ(x, y)
= δ(z − x)δ(w − y) . (3.44)
Substituting Equation (3.43), Equation (3.42) and Equation (3.37) into Equation (3.39)
gives





+ 4Kδ(x− y) = 0 . (3.45)







δ(x− y) , (3.46)
which is of the same from as Equation (3.34).
3.2.2 The Schwinger-Dyson Equations
































σ2(x, x) , (3.48)
where in the first term one takes the derivatives first and then sets the equality between
x and y. Here ηµν is the Minkowski metric for flat space. The equation of motion of
σ(x, y) describes the classical dynamics of the quantum theory which can be derived,
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− i δ ln J
δσ(x, y)
= 0 , (3.49)
where in the last line we used the definition of the effective action Equation (3.20). To
make use of Equation (3.34), we multiply Equation (3.49) by σ(y, z) and integrate over









= 0 . (3.50)







δ(x− z) . (3.51)
We manipulate the left hand side of Equation (3.51) by first deriving the functional
derivative of the action with respect to the bilocal field σ(x, y). Next, we multiply the
result by σ(y, z) and integrate over y. The action consists of two terms, the kinetic term
and the potential term, which can be computed separately as follows. For the potential


















µ2δ(p− x)δ(p− y)− g
4
























σ(x, z)σ(x, x) . (3.53)
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σ(x, z) . (3.55)
In the second line we pulled out the derivative with respect to x because σ(y, z) is in-
dependent of x. In the third line, we integrate by parts to take the derivative of σ(y, z)
where the first term of integration by parts δ(x − y)σ(y, z) vanishes at the boundary.
The equation of motion may be constructed by substituting Equation (3.55) and Equa-









σ(x, z) = iNδ(x− z) . (3.56)
This is the Schwinger-Dyson Equation which represents the equation of motion for the
bilocal field σ(x, y). In order to solve this equation, we Fourier transform it by consid-





exp ( ip.(x− y) )σ(p) . (3.57)
Substituting this ansatz into the Schwinger-Dyson Equation, we obtain
σ(p) =
iN






where p is the four-momentum such that p ≡ (E, ~p), E is the energy that corresponds
to the time dimension, and ~p are momenta in the spatial directions of the bilocal field
σ(x, y).
To this end, we have obtained the Schwinger-Dyson Equations for the bilocal fields
σ(x, y). In the next chapter, we will couple the O(N) vector model to gravity in order to
compute the cosmological perturbations of an inflationary universe which is collectively











Towards a collective dynamics of
inflationary universe
In this chapter, we adopt a consistent approach to compute the dynamics of the bilocal
field σ(x, y). We compute the Einstein Field Equations (EFEs) of the bilocal field σ(x, y)
that is coupled to gravity. We begin with the Lagrangian of the bilocal field σ(x, y) of















σ2(x, x) , (4.1)
where the metric tensor is represented by gµν , a general space-time metric opposed to
the Minkowski metric ηµν used in the previous section.1
4.1 Cosmological Perturbations
We adopt the standard approach from the theory of cosmological perturbations [12].
This theory is very successful in that it efficiently explains the dynamics of an expand-
ing universe in a gauge invariant approach. Furthermore, the theory provides a simple
mathematical framework to determine the evolution of perturbations from initial per-
turbations in the inflaton fields to the present perturbations lying on the observational
background, such as those in the CMB. In this method, the background is considered
homogeneous and isotropic with a perturbation found by taking a small deviation away
from homogeneity in the background. This method agrees with the fact that observa-
tions show that the universe is approximately homogeneous and isotropic on large scales.
1The replacement of ηµν with gµν is, in general, non-trivial but possible, in this case, for reasons
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The background can be described by Friedmann-Robertson-Walker metric as [12]
ds2 = ḡµνdx
µdxν = dt2 − a2(t)γijdxidxj , (4.2)
where ḡµν is the background metric and a(t) denotes the scalar factor which is only a
function of time. Here, Latin letters (i, j, ...) run from 1 to 3 whereas the Greek letters
(µ, ν, ...) run from 0 to 3. The zeorth component will always denote the time component
and the spatial components represent the first, second and third components. The










where δij is the Kronecker delta and k stands for the curvature which possesses three
possible values as the following:
• k = 0 for a flat universe.
• k = 1 for a closed universe.
• k = −1 for an open universe.
For the reason that observations suggest that the current universe exhibits the flatness
properties with a density close to the critical density, we will consider the flat case with
k = 0. The metric is now re-written as
ds2 = a2(η)(dη2 − δijdxidxj) , (4.4)
where the physical time (dt) is replaced by the conformal time (dη) via the transforma-
tion dt = adη.
4.1.1 The perturbed Einstein Field Equations
The Einstein Field Equations (EFEs) describe gravity as space-time curvature that is









where Tµν represents the energy momentum tensor, R
µ
ν and R are Ricci tensor and scalar
respectively. The Ricci scalar is related to the Ricci tensor by [41]
R = Rµµ . (4.6)
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ν µ ,α − Γααµ ,ν + ΓααβΓβν µ − Γαν βΓβαµ , (4.7)





gαβ(gβµ,ν + gνβ,µ − gµν,β) . (4.8)
Due to the fact that the existence of matter and energy affect the geometry of space-time
through Equation (4.5), it follows that fluctuations of the metric tensor are induced by
the fluctuations of scalar fields (in this case, inflatons). We shall assume a first order
perturbation of a special case where inflaton perturbations produce an equal fluctuation
in the space-time metric [41]
ds2 = gµνdx
µdxν = a2(η)[(1 + 2Φ)dη2 − (1− 2Φ)δi jdxidxj ] , (4.9)
where Φ denotes the metric fluctuation which is a function in both space and time, and
gµν is the perturbed metric tensor that contains the background ḡµν and a perturbation
contribution δgµν . gµν(t, x) is given by [12, 41]
gµν(t, x) = ḡµν(t) + δgµν(t, x) . (4.10)
We shall neglect higher order perturbations and assume O((δg)2) << 1. This metric is
obtained by choosing the longitudinal gauge. In the longitudinal gauge, all fluctuations
in mixed directions vanish, that is, the metric has no off-diagonal components. This
choice offers a fixed coordinate system, and sets Φ to be the Newtonian gravitational












−(1 + 2Φ)δi j
)
. (4.12)
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Our aim is to compute the EFEs which are a set of 10 differential equations that de-
scribe the evolution of the background and perturbations. To do this, we must first
compute the perturbed form of Einstein tensor and the perturbed energy-momentum
tensor. The Einstein tensor is expressed in terms of the Ricci tensor, which is deter-
mined by the connection coefficients (Christoffel symbols). We start by calculating the
perturbed expressions of all christoffel symbols from the metric Equation (4.9). We then
split the perturbed christoffel symbols into a background and perturbation, making use
of the fact that the background contribution is always a function of time only and the
perturbed contribution is a function of both space and time. Having found the perturbed
christoffel symbols, we proceed to compute the perturbed Ricci tensor and finally the
perturbed Einstein tensor.





























(−2Φa−2)∂0(a2) = H+ Φ
′
,
where H = a
′
a , with a prime representing the derivative with respect to the conformal
time η. Similarly, we find the perturbed christoffel symbols as
Γ00 0 = H+ Φ
′
, Γ00 k = Φ,k , Γ
0
i j = Hδi j − [4HΦ + Φ
′
]δi j , (4.17)
Γi0 0 = Φ,i , Γ
i
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These results can be split into a background and perturbation component as




µν(t, x) . (4.19)
From Equation (4.19), the background components are given by
Γ̄00 0 = H , Γ̄00 k = 0 , Γ̄0i j = Hδi j , (4.20)
Γ̄i0 0 = 0 , Γ̄
i
0 j = Hδij , Γ̄ik l = 0 . (4.21)
The perturbation components are given by
δΓ00 0 = Φ
′
, δΓ00 k = Φ,k , δΓ
0
i j = −[4HΦ + Φ
′
]δi j , (4.22)
δΓi0 0 = Φ,i , δΓ
i




k l = −[Φ,lδik + Φ,kδil ] + Φ,iδk l . (4.23)
Using these results, and substituting Equation (4.19) into Equation (4.7), we obtain
Rµν =(Γ̄
α
ν µ ,α + δΓ
α
ν µ ,α)− (Γ̄ααµ ,ν + δΓααµ ,ν) + (Γ̄ααβ + δΓααβ)(Γ̄βν µ + δΓβν µ)
− (Γ̄αν β + δΓαν β)(Γ̄βαµ + δΓβαµ)
Rµν =Γ̄
α
ν µ ,α − Γ̄ααµ ,ν + Γ̄ααβΓ̄βν µ − Γ̄αν βΓ̄βαµ + δΓαν µ ,α − δΓααµ ,ν + Γ̄ααβδΓβν µ
+ Γ̄βν µδΓ
α
αβ − Γ̄αν βδΓβαµ − Γ̄βαµδΓαν β . (4.24)
Here, we have neglected higher order perturbation terms, since O(δΓ2) << 1 in a first
order perturbation. Separating the perturbed Ricci tensor Rµν into a background and
perturbation components gives
Rµν(t, x) = R̄µν(t) + δRµν(t, x) . (4.25)
Comparing Equation (4.24) with Equation (4.25), the background part of Ricci tensor
R̄µν is defined as
R̄µν = Γ̄
α
ν µ ,α − Γ̄ααµ ,ν + Γ̄ααβΓ̄βν µ − Γ̄αν βΓ̄βαµ , (4.26)
while the perturbed part reads
δRµν = δΓ
α
ν µ ,α − δΓααµ ,ν + Γ̄ααβδΓβν µ + Γ̄βν µδΓααβ − Γ̄αν βδΓβαµ − Γ̄βαµδΓαν β . (4.27)
From Equation (4.26) and Equation (4.27), we may obtain exact expressions of the
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(4.21), (4.22) and (4.23) into Equation (4.26) and (4.27). Doing so produces
R̄00 = −3H
′
, R̄0i = 0 , R̄ij = [H
′
+ 2H2]δi j , (4.28)
δR00 = ∇2Φ + 3Φ
′′





+∇2Φ− 4H′Φ− 6HΦ′ − 8H2Φ]δi j . (4.30)
To calculate the Einstein tensor, we still must determine the Ricci scalar R. The Ricci






Without splitting into background and perturbation contributions, we evaluate Rµν in
our time and spatial directions as
R00 = a




+HΦ],i = −Ri0 ,
Rij = −a−2[H
′
+ 2H2 − Φ′′ +∇2Φ− 2H′Φ− 6HΦ′ − 4H2Φ]δij .
The Ricci scalar is found to be





−2[−6(H′ +H2) + 6Φ′′ − 2∇2Φ + 12(H′ +H2)Φ + 24HΦ′ ] .
Using Equation (4.5), the perturbed Einstein tensor is given by
G00 = a






−2[2H′ +H2 − 2Φ′′ − 4H′Φ− 2H2Φ− 6HΦ′ ]δij .
We re-write the perturbed Einstein tensor in terms of background and perturbation
contributions via Gµν (t, x) = Ḡ
µ
ν (t) + δG
µ
ν (t, x) as
Ḡ00 = 3a
−2H2 , δG00 = a−2[2∇2Φ− 6HΦ
′ − 6H2Φ] , (4.32)







−2[2H′ +H2]δij , δGij = a−2[−2Φ
′′ − 4H′Φ− 2H2Φ− 6HΦ′ ]δij . (4.34)
This is the exact expression of the perturbed Einstein tensor.We now compute the right










Chapter 4. Towards a collective dynamics of inflationary universe 32












where g is the determinant of the metric tensor. An alternate method to construct
the energy-momentum tensor of the bilocal field is by analogy with the usual energy-





















































To perturb the energy-momentum tensor, we must first determine the perturbation of
the bilocal field σ(x, y) which comes from the perturbation of the scalar fields φ(x) by
definition of Equation (3.18). Perturbations in the scalar field φ(x) and the bilocal field
σ(x, y) are written as
φ(t, x) = φ(t) + δφ(t, x) (4.38)










a(x) ) . (4.41)
Substituting Equation (4.39) and Equation (4.10) into Equation (4.37) gives the per-
turbed energy momentum tensor:
Tµν = (ḡ

























µ2(σ(tx, tx) + δσ(x, x)) +
g
8
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The time-time component of the energy momentum tensor is given by


































































σ(tx, tx)δσ(x, x) . (4.44)
In the evaluation above, we dropped spatial derivatives of the perturbed bilocal field
δσ(x, y) . Despite the dependence of δσ(x, y) on spatial coordinates x and y, spacial
derivatives of δσ(x, y) vanish from Equation (4.41), which easily can be verified. Sim-















































σ(tx, tx)δσ(x, x) , (4.45)
where ηx and ηy are the conformal times coordinates x and y respectively. Substituting
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By a similar method, we may obtain the remaining perturbed energy-momentum tensor
components. For the time-space components, one finds









In arriving at Equation (4.47), we used the fact that the second term of the energy-
momentum tensor, Equation (4.37), contains a Kronecker delta, which is zero for δ0i .























































We split the results of the perturbed energy-momentum components into background
and perturbation terms: Tµν(t, x) = T̄µν(t) + δTµν(t, x).
The time-time components are




















































the time-space components are
T̄ 0i = 0 , (4.51)









and the space-space components are
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With these results, we have all the perturbed quantities of EFEs, Equation (4.5). The
EFEs represent a system of 10 differential Equations each for the background and the







We equate the background quantities of the EFEs, Equation (4.55), to obtain a dynam-
ical system that completely describes the behaviour of the background evolution of the
bilocal field σ(x, y).






















The time-space equations of the background vanishes, because the time-space quantities
of EFEs vanish as T̄ 0i = Ḡ
0
i = 0 . The space-space equations of the background can be
written as



















From Equation (4.56), we obtain a dynamical set of equations that describes the per-
turbation evolution of the bilocal field σ(x, y).
The time-time equation is
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and the space-space equations read




























































σ2(tx, tx) . (4.63)





























































σ(tx, tx)δσ(x, x) . (4.65)
We have computed EFEs of the background and the perturbation for the bilocal field
σ(x, y) inflation. This allows us to investigate the dynamical evolution of the background
and the fluctuations, as well as demonstrating how the bilocal field σ(x, y) induces
fluctuations Φ in space-time.
4.1.2 The energy momentum tensor of σ(x, y) in curved space
In this section, we will prove that the replacement of the metric tensor ηµν with gµν in
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where the scalar field φa is coupled to the gravitational field by the term ξRφaφa, R is
the Ricci scalar and ξ is a numerical factor. This action may be re-written in terms of


















































































δR = −Rµνδgµν + gρσgµν(δgρσ;µν + δgρµ;σν) , (4.71)
















































































Chapter 4. Towards a collective dynamics of inflationary universe 38






















αβσ(x, x);αβ + σ(x, x);µν
]








2(x, x) . (4.73)
It is very interesting to notice the appearance of the Einstein tensor Gµν in the ob-
tained expression of the energy momentum tensor Equation (4.73). The mixed energy
momentum tensor is defined as
Tµν = g
µτTτν , (4.74)








































We may now consider a first order perturbation of gµν and σ(x, y) to compute the














































Ḡµνσ(tx, tx) + Ḡ
µ










































































We consider the perturbed metric in the Newton gauge, Equation (4.9), and the per-
turbed bilcoal field, Equation (4.39), to find the perturbed energy momentum tensor
which can be split into background and perturbation. The background is given by the
time-time component
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while the perturbation contributes














































σ(tx, tx)δσ(x, x) . (4.78)
The time-space components have a vanishing background, T̄ 0i = 0 , and the perturbed
part equals




















Similarly, for the space-space components we find





























σ(tx, tx) , (4.80)
and




























































′′ − 4H′Φ− 2H2Φ− 6HΦ′ ]σ(tx, tx) . (4.81)
It is worthwhile to mention that these results of the components of the energy momentum
tensor (both for the background and for perturbations) are exactly the same as those
previously computed (Equation (4.49) - (4.54)) but in the minimally coupled case when
ξ = 0. This shows that we can restore the previous set of Einstein Field Equations only
by setting ξ = 0 which means that a direct replacement of the metric tensor from a
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4.1.3 The perturbed Schwinger-Dyson Equation
In the previous chapter, we obtained the equation of motion of the bilocal field σ(x, y),
which is the Schwinger-Dyson Equation. In this section, we will apply the perturbation
methods to the Schwinger-Dyson Equation to obtain the equation of motion of the
background σ(tx, ty) and the fluctuation δσ(x, y). The Schwinger-Dyson Equation can









σ(y, x) = iNδ(y − x) . (4.82)
We consider the perturbed bilocal field and the perturbed metric tensor, Equation (4.39)







(σ(tx, tx)+δσ(x, x)))(σ(ty, tx)+δσ(y, x)) = iNδ(y−x) .
(4.83)
The first term of the left hand side (LHS) of Equation (4.83) may be perturbed as


















σ(ty, tx) . (4.84)




















In the last equation, we keep the spatial derivatives of δσ(x, y) because the derivative
is taken with respect to x twice which possesses a value through Equation (4.41). This
is in contrast to the earlier computation of Equation (4.44) where the spatial deriva-
tive of δσ(x, y) vanished because the spatial derivatives were with respect to x and y.






















In Equation (4.85), we changed from the conformal time η to the physical time t. Sub-
stituting Equation (4.85) into Equation (4.83) gives the perturbed form of the equation
4Here, we made another replacement of ηµν with gµν which is, in general, non-trivial; compare with
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of motion:





























σ(tx, tx)δσ(y, x) . (4.86)
The perturbed Schwinger-Dyson Equation may be split into two equations for the back-





σ(ty, tx)− µ2σ(ty, tx)−
g
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σ(tx, tx)δσ(y, x) = iNδ(y − x) . (4.88)
Notice that we sourced the differential equation of σ(ty, tx) by a delta function in one
dimension and that of δσ(y, x) by a delta function in four dimension in order to ensure
the symmetry of the system. This is because the background is a function of time only,
while the perturbation is a function of both space and time. We seek solutions for
δσ(x, y) and σ(tx, ty). These equations may be solved by taking their Fourier transform.





exp ( ip.(x− y) )σ(p) , (4.89)





exp ( ip.(tx − ty) )σ(E) . (4.90)





exp ( ip.(x− y) ) δσ(p) . (4.91)
Applying the Fourier transform of σ(tx, ty) to Equation (4.87) yields
σ(E) =
iN





which is of the same form as Equation (3.58) but in one dimension. The Fourier trans-
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ansatz of δσ(x, y). In this chapter, we have studied the O(N) vector model that is cou-
pled to gravity. We have obtained the Schwinger-Dyson Equations and investigated the












Due to its growing observational evidence, inflation has become a fundamental part
of early universe cosmology. There is theoretical controversy that concerns modelling
inflation based on the presence of various successful inflationary models from single field
to multi-field inflation. Although the recent Planck results [6] favours single field inflation
models, multi-field inflation models have interesting observational predictions including
large non-Gaussianties in the CMB. Multi-field inflation has been studied in several
models very broadly [2, 13, 15, 29, 41]. Nevertheless, little research has been focused
on the large N limit of multi-field inflation [8, 11]. In the large N limit, N inflatons
effectively drive inflation as a single collective field. The large N limit of multi-field
inflation is a remarkably interesting subject with enormous observational and theoretical
advantages over single field inflation. Observational motivations for its study include
the persistence of the adiabatic perturbations and Gaussianties in the CMB. There are
also purely theoretical motivations such as dramatic computational simplifications and
the natural occurrence of the observed dynamics without the imposition of the slow roll
condition [8, 11].
We have reviewed two models of multi-field inflation which stand as a driving force be-
hind the present work. These models are “Large N cosmology” [11] and “N -flation” [8].
The first model, “Large N cosmology” [11], shows that the adiabatic and the entropy
perturbations of large N of inflatons, in fact, are easily obtained by solving two coupled
differential equations for two gauge invariant variables (κ and µ). These two coupled
differential equations are sufficient to explain inflationary dynamics without the need to
solve a large set of N differential equations for N inflatons. This system of equations
is reduced by applying a change of variables, from the original inflatons φI to Sasaki-
Mukanov variables QI and then to particular observables (κ and µ). The second model,
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multi-field models. This model avoids the slow roll condition by yielding expressions for
the slow roll parameters (η and ε) in terms of the number of fields N . Evidently, η and
ε are inversely proportional to N . Because N -flation is string theory inspired, a large
number N of axions emerge due to requirements from string compactifications. Hence
η and ε become very small when N is large, and the slow roll conditions are satisfied.
We have proposed a new model of inflation which, as far as we are aware, has not been
studied before in the literature. This model is a special type of multi-field inflation
in which the dynamics of multiple inflatons mimics those of single field inflation. In
this model, an individual scalar field is not capable of giving rise to inflation by itself.
Moreover, although single scalar field might be responsible alone for the inflation of the
universe, the amount of inflation required to solve the problems of the standard model
of cosmology may not be achieved by a single scalar field. In the large N limit, however,
the modes of individual scalar fields die off and the collective mode of large numbers of
these scalar fields becomes dominant giving rise to inflation. This collective mode can
be determined within the framework of collective field theory [28, 36, 37].
With the hope of studying the collective dynamics of multi-field inflation, we have intro-
duced collective field theory. Collective field theory is a successful approach to studying
the dynamics of theories by their gauge invariant variables (observables). This the-
ory suggests a point canonical transformation through which the original variables are
transformed into observables. In turn, an effective action emerges whose classical limit
is determined by taking the large N limit. Although, in general, the evaluation of the
Jacobian of this transformation is subtle, nevertheless, we have shown that the Jacobian
can be derived. Interestingly, no explicit expression for the Jacobian is required - a dif-
ferential equation for th logarithm of the Jacobian is sufficient to obtain the equations
of motion for the gauge invariant observables.
In our multi-field model, inflation is effectively driven by a single collective field, which
is the bilocal inflaton field σ(x, y). This bilocal inflaton field σ(x, y) is a collective
combination of the individual scalar fields φI . We have considered the O(N) vector
model, with quartic self-interactions, and applied the techniques of the collective field
theory. A point canonical transformation has been applied to change the variables from
the individual scalar fields φI to the bilocal inflaton field σ(x, y). The equation of
motion for the bilocal inflaton field σ(x, y) is the Schwinger-Dyson equation, which can
be determined by a direct minimization of the σ(x, y) action, being the effective action
Seff .
We have successfully obtained the Schwinger-Dyson equation for the bilocal inflaton field
σ(x, y) (but in flat space-time). For this bilocal field σ(x, y) to drive inflation, however,
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of σ(x, y). This we do in order to compute the Einstein field equations. Coupling this
σ(x, y) model to gravity, a subtlety arises due to the presence of the Minkowski metric
ηµν in the action and Schwinger-Dyson equation for σ(x, y). We replaced the Minkowski
metric ηµν with a general metric tensor gµν in both the action and Schwinger-Dyson
equation for σ(x, y). With this replacement, we have chosen the metric tensor gµν in the
Newtonian gauge, with equal fluctuations, Φ, in both the time and spatial directions.
We have computed the perturbed Einstein field equations and the perturbed Schwinger-
Dyson equation to investigate the collective dynamics of multi-field inflation.
To check that replacing ηµν with gµν is consistent, we have non-minimally coupled the
O(N) vector model to gravity, using curved space with metric gµν as a starting point
and computed the energy momentum tensor and the Einstein field equations. As a
result, we have found that the Einstein field equations obtained by the replacement
of the metric tensor, and the equations obtained in the non-minimally coupled case,
agree in the minimally coupled case which requires no coupling constant (ξ = 0). In
addition, the effective energy momentum tensor, which may be determined from the
effective action Seff , does not exist because
δ ln J
δgµν = 0, and the previous set of Einstein
field equations remains unaffected. If one replaces ηµν with gµν in the σ(x, y) action, the
Schwinger-Dyson equation is unchanged and identical to the Schwinger-Dyson equation
in the flat space [38, 40], since δg
µν
δσ(x,y) = 0. We therefore emphasize that the replacement
of ηµν with gµν is a consistent replacement.
Having obtained the perturbed expressions for the Einstein field equations and Schwinger-
Dyson equation, one may proceed to find their solutions. As an attempt to solve these
equations, we have used a translatially invariant ansatz for the bilocal field σ(x, y),
with the Fourier transform σ(p), and obtained the Fourier transform of the background
contribution to Schwinger-Dyson equation, denoted σ(E). We did not solve the per-
turbed contribution to the Schwinger-Dyson equation, which is the equation of motion
for δσ(x, y). This equation of motion for δσ(x, y) is coupled to the fluctuation in the met-
ric tensor (Newtonian potential), Φ(x), demonstrating how δσ(x, y) may induce Φ(x).
Similarly, the Fourier transform δσ(x, y) equation of motion may reveal a solution. If
we construct, by analogy with σ(p), a Fourier transform δσ(p), we must have a similar
Fourier transform of the Newtonian potential, Φ(x), in order to Fourier transform the
whole equation consistently. Since σ(x, y) is defined at two points in space-time and Φ(x)
is defined at one, their Fourier transforms dot not have the same form. It is possible that
we may not even need to solve the perturbed Schwinger-Dyson equation. The Einstein
field equations may be sufficient to investigate the collective dynamics of inflation. With
the lack of a consistent expression of the Fourier transform of the bilocal field σ(x, y)
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Besides the results of the Cosmic Background Explorer (COBE)[3] and Wilkinson Mi-
crowave Anisotropy Probe (WMAP)[4, 5], the recent Planck data[6] also favours single
field models to drive inflation. This is due to the agreement of predictions with the
adiabatic, Gaussian, homogeneous, isotropic and scale invariant spectrum of the CMB.
Although, we have studied a new model of multi-field inflation, nevertheless, the COBE,
WMAP and recently Planck results do not exclude our model. As we have mentioned, in
our model, inflation is driven by the single collective bilocal field σ(x, y) which becomes
dominant in the large N limit.
There is much research left to be done in future work. The future developments of our
new model include:
• The analytical and numerical solutions of the perturbed Einstein field equations
and Schwinger-Dyson equation. The analytical solutions may be achieved through
better understanding of how to couple the bilocal field σ(x, y) to gravity which
allows us to construct a consistent form of the Fourier transform of σ(x, y) relative
to the metric fluctuations Φ(x). The numerical solutions may be obtained by
building and implementing efficient numerical algorithms for our perturbed system
of equations.
• Applying the large N limit to these solutions will yield predictions which may be
compared with observation, possibly confirming our suggested model of inflation
driven by the single collective bilocal field σ(x, y).
• Verifying that the single collective bilocal field σ(x, y) may be responsible for the
quantum-to-classical transition of the initial cosmological fluctuations required for
structure formation. The essential property of the large N limit of this new model
is factorization [38, 43]. Factorization of the correlation functions of our observ-
ables σ(x, y) of this new model may be written as
〈σ(x1, y1)σ(x2, y2)〉 = 〈σ(x1, y1)〉〈σ(x2, y2)〉 at N =∞ .
This factorization relation, for any observables σ(x, y), implies that
〈σ2(x, y)〉 = 〈σ(x, y)〉2 at N =∞ .
Therefore, at the large N limit, the fluctuations vanish suggesting that the large
N limit is a classical limit of our new model [38, 43]. For this reason, the collective
mode σ(x, y) may be used to describe the quantum-to-classical transition process.
• Studying and constraining the non-Gaussianities in the CMB map. The non-











functions which is, in general, a very non-trivial problem [44]. The factoriza-
tion property of our new model reduces the complexity of studying the non-
Gaussianities dramatically by computing only one point correlation function.
This new model of inflation presents a novel application of collective field theory and
large N dynamics to the early universe, as well as potentially providing an attractive
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